In this work we investigate the influence of self-affine electrode roughness on the admittance of redox reactions during facile charge transfer kinetics. The self-affine roughness is characterized by the rms roughness amplitude w, the correlation length n, and the roughness exponent H (0 < H < 1). Our calculations allow analytic expressions to be derived for the admittance as a function of the characteristic self-affine roughness parameters. Furthermore, it is shown that the magnitude of the reaction admittance is strongly influenced by the local roughness exponent H or the fine roughness details at short roughness wavelengths, while the influence of the lateral correlation length n or the long wavelength roughness ratio w/n is of secondary importance. In addition, the dynamic roughness evolution can strongly influence the reaction admittance and it should taken carefully into consideration.
Introduction
Studies related to transport to and across a rough interface are of general interest in a wide variety of research fields as for example spin relaxation [1] , fluorescence quenching [1, 2] , heterogeneous catalysis [3] , enzyme kinetics [4] , heat diffusion [5] , membrane transport [6, 7] , and electrochemistry [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . In the latter case, the exploration of the mechanism of interfacial processes and the evaluation of parameters such as double-layer capacitance and charge rate constants can be performed by impedance spectroscopy [8, 9] . Notably the calculation of impedance strongly depends on cell configurations and electrode geometries (e.g., planar, cylindrical, spherical etc.) [8, 9] . The frequency response of rough interface depends on the regime under consideration such as for example (i) the capacitive behavior of rough electrodes [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] , and (ii) diffusion controlled charge transfer on rough interfaces [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] .
Scaling arguments in combination with numerical and experimental studies [2, [12] [13] [14] [15] [16] [17] [24] [25] [26] have shown that the reaction admittance follows approximately a power-law of the frequency of the form Y(x) $ x c . Indeed, c = (D H À 1)/2 for the problem of diffusion-controlled nuclear magnetic relaxation in porous media with fractal dimension D H [1] . Similar results were derived for other diffusion-controlled cases, such as adsorption on a porous fractal catalyst [3] , heat diffusion from a self-affine fractal boundary [4] , and the impedance of rough electrodes [15] . In the more general case, the power-law flux transient on a fractal interface with Euclidean dimension D E of the embedding space has the form c = ( [8, 12, 13] . Other general results were obtained in understanding the effect of roughness on the interfacial reaction current in terms of an arbitrary weak roughness profile and an arbitrary roughness power spectrum [18] [19] [20] [21] 23] without however addressing the questions related to finite scale-invariant interfaces.
Recently a theory was developed for the electrical admittance of a rough interface under partial diffusion-limited charge transfer conditions [37] . In this development, the large and small-frequency expansion gave the relationships between the average admittance and various morphological features of the rough electrode i.e. area, curvature, and interface width [37] . So far the diffusion-limited reaction admittance was determined on an approximately self-affine surface without, however, analytic results for all lateral roughness wavelengths [37] spanning the range from qn ( 1 to qn ) 1 where n is the characteristic lateral roughness correlation length and q the lateral roughness wave vector.
In this work we will calculate the admittance of diffusion-limited reaction rates on random selfaffine rough surfaces including contributions from all relevant lateral roughness wavelengths including also the necessary power law regimes. In all cases the admittance is described as a functional of a roughness power spectrum where analytic calculations are feasible as will be illustrated in the following sections.
Admittance theory for rough electrodes
The total admittance Y(x) of an interfacial redox reaction, O + ne À M R (O: oxidized, R: reduced species, and ÔnÕ the number of electrons transferred in the redox reaction; see Fig. 1 ), driven by a sinusoidal interfacial potential dV = V o exp(Àjxt) (V o = EÀE eq : E the working electrode potential and E eq the equilibrium potential) is obtained by solving the diffusion equations for the local concentration profile [37] 
with dc a (r,t) = dc a (r,x)exp(Àjxt). dc a is difference in the concentration at an arbitrary point and the bulk concentration of a-th species. In the following we denote by R the gas constant, F the faraday constant, J o the exchange current density, D a the bulk molecular diffusion constant, c o a bulk or volume concentration of a-th species, and dc a (z) the difference between surface and bulk concentration. By making the simplification D = D O,R and considering the balance condition dc O + dc R = 0, at the interface the kinetics limitation has the form
is the interfacial reaction length and provides a relative measure of facility of bulk diffusion versus the surface reaction. k À1 e is small for fast interfacial reaction or slow bulk diffusion (e.g., k À1 e ! 0 for the diffusion-limited reaction) and large for the slow interfacial reactions.
The total admittance is given by the Laplace transform of the interfacial surface current I(t) or [37] ( 1 which corresponds to the low frequency regime) [37] hY ðxÞi ¼Ŷ p 1 þ
, and
2 i is the interface roughness spectrum.
Roughness model
In the following we will consider a model for the roughness spectrum hjh(q)j 2 i, which is necessary for the calculation of the admittance hYi. Indeed, a wide variety of surfaces and interfaces appearing in various physical systems (i.e., films grown under non equilibrium conditions) posses roughness, which is termed as self-affine [38] . Any physical self-affine morphology is characterized by a finite correlation length n, an rms roughness amplitude w, and a roughness exponent H (0 < H < 1) which is a measure of the degree of surface irregularity. [38, 39] Small values of H ($0) characterize extremely jagged or irregular surfaces, while large values H ($1) surfaces with smooth hills and valleys [38, 39] . For self-affine fractals the roughness spectrum hjh(q)j 2 i is characterized by the power law scaling behavior, namely, hjh(q)j 2 i / q À2À2H if qn ) 1 and hjh(q)j 2 i / const if qn ( 1 [38] . This scaling behavior is satisfied by the simple model for hjh(q)j
For other correlation models see also Ref. [40] .
Results-discussion
Studies on fractal interfaces have led to two important conclusions namely that (i) the scaleinvariant frequency or time response is obtained under diffusion-limited transport conditions on a scale-invariant interface, (ii) the scaling exponents of the frequency or time response and phase are related to the scaling exponent of the interfacial and spatial geometry [37] . However, there are several drawbacks in these studies since they are based on unrealistic interface roughness models where the direct influence of all the characteristic roughness parameters (w, n, and H) was not taken into account.
Initially we should state that the present theory applied in the limit of weak roughness. The latter can be reformulated more precisely by the requirement that the average local interface slope to be small or q rms ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi hjrhj 2 i q ( 1. q rms is given in terms of the roughness spectrum hjh(q)j 2 i as we will see later. In general, the admittance will have a simpler dependence on the roughness amplitude w since hjh(q)j 2 i / w 2 (assuming weak roughness), while any more complex dependence will arise from the roughness parameters H and n. In addition, our calculations were performed for lower roughness cut-off c = 0.3 nm. The latter corresponds to a typical lattice constant for metals. However, a lower value might be necessary for a physical system (depending on the material) since the actual smallest step height might be smaller than the lattice constant.
Before we proceed for the calculations of the admittance we will present some analytic results. Indeed, if we substitute in Eq. (4) the expansion
The necessary roughness factors m 2k (k = 1, 2, 3, . . ..) are given by 
The limiting cases of H = 0 and H = 1 can be obtained by Eqs. (9) and (10) if we consider the identity lim B!0 (1/ B)(x B À1) = ln (x) to obtain the logarithmic factors. The roughness model given by Eq. (5) which is used for the computation of the factors m 2k is a single valued function of the wave vector q and any contribution from the short and long length scales appears only in the integrals for m 2k . Despite the integration the analytic calculations in Eqs. (9) and (10) show clearly that the signature of short wavelength roughness as expressed through the roughness exponent H is still evident and has a strong effect as will be shown below.
Moreover, up to second order terms Eq. (7) can be further written in the simpler form
where together with Eqs. (9) and (10) provide a complete analytic form for the magnitude of the reaction admittance as well as its phase for relatively high ratios D/x ()1), while it is minimized in the regime D/x ( 1. However, the magnitude of the admittance jhYij increases very rapidly for small roughness exponents H within the regime D/x 6 1. In any case, it is evident that the change of the roughness exponent by an order of magnitude within the range 0 < H < 1 can lead to strong variations of the reaction admittance even by more than an order of magnitude.
If we compare with the dependence of jhYij on the lateral roughness correlation length n, as it is depicted in Fig. 3 , we observe a smoother increment of jhYij as a function of the ratio D/x without the presence of regimes of fast or slow increment as it is shown in Fig. 2 . Moreover, a change of n by an order of magnitude does lead in the regime D/x ) 1 to a weaker increment of the magnitude of the admittance in comparison with the corresponding regime in Fig. 2 . Therefore, we can infer that fine roughness details at short wavelengths (<n) can readily influence reaction kinetics stronger than long roughness wavelengths as they are described in the more general case by the ratio w/n.
Besides the magnitude of hYi also its phase deserves some further attention as a function of the roughness parameters H and n. Any dependence on the roughness amplitude is weak since both m 2,4 / w 2 . Indeed, as Fig. 4 shows the phase of the admittance as a function of the roughness exponent H is positive and increasing with increasing D/x showing a change to negative values with decreasing roughness exponent H (or equivalently for surface roughening at short wavelengths). This is due to the fact that the real part of hYi has a dependence on the moments m 2,4 as Re(hYi) $ 1 + (m 2 /2) À (Dm 4 /8x), which leads to negative values for the phase if the fourth order moment m 4 becomes significant, and for sufficiently large values of the D/x (see Fig. 4(b) and  (c) ). The phase variation shows a similar behavior as a function of the correlation length n (Fig. 5) . Indeed, the transition region to negative values as a function of the ratio D/x is shifted drastically to larger values with increasing correlation length n and roughness exponent H (Fig. 5) .
Finally we will consider how the dynamic evolution of the interface roughness can influence the roughness contribution to the reaction admittance. This is a secondary consequence (not by considering any simultaneous temporal system evolution that would require simultaneous solution of time dependent equations of motion for the surface and the diffusion to the surface) we will consider how separately the evolution of electrode roughness can influence the roughness contribution to the reaction admittance. The electrode surface morphology can be for example modified by metal deposition prior to any reaction experiment and this is the case under consideration in the present paper. Indeed, if both roughness parameters w and n evolve with time s as w / s b (b known as the growth exponent) [38] and n / s 1/z (z known as the dynamic exponent) [38] with ÔzÕ for example given by z = 2H/b, then the evolution of the admittance magnitude for various times s in Fig. 6(a) indicates that interface roughening becomes more dominant at higher ratios D/x. Roughening occurs since the choice of the dynamic exponent z so that z5H/b leads to an evolution of the local interface slope [41] . Indeed, since q rms / w/n H [41] we obtain for z = 2H/b the temporal evolution q rms / s b , which leads to interface roughening. Note that for z = H/b the local slope is time invariant (oq rms /os = 0). If on the other hand z = H/2b then the local slope decreases at later evolution times as q rms / s Àb leading to smoothening and thus the decrement of the magnitude of the reaction admittance (Fig. 6(b) ) at higher ratios D/x. In any case, the previous examples indicate that dynamic evolution of interface roughness can strongly influence the reaction admittance and should be taken carefully into consideration.
Conclusions
In summary, we have shown that the magnitude of redox reaction admittance (for facile charge transfer kinetic or interfacial reaction lengths k À1 e ( 1) on self-affine rough surfaces is strongly influenced by the local roughness exponent H or equivalently by the fine roughness details at short roughness wavelengths (<n). The influence of the lateral correlation length n is of secondary importance. On the other hand the phase of the admittance shows peculiar behavior for small roughness exponents H and smaller correlation lengths n related to increasing magnitude of the fourth order roughness moments. In addition, the dynamic evolution of interface roughness can strongly influence the reaction admittance and should taken carefully into consideration. Notably our calculations allow analytic expressions to be derived for the reaction admittance as a function of the rms roughness amplitude w, the lateral roughness correlation length, and the roughness exponent H. Further studies are in progress to extended our calculations for less facile charge transfer kinetic or finite interfacial reaction lengths so that higher frequency regimes ðk À1 e ffiffiffiffiffiffiffiffiffi ffi x=D p P 1Þ can be probed [37] .
